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Interfaces determine many properties of bulk materials; for example, the interfacial free energy plays a
crucial factor in the nucleation, growth, and morphology of precipitates in alloys. So far, the complexity
associated with the inherent interfacial disorder has eludedab initio computation of its thermodynamic prop-
erties at finite temperatures. Here we show that a particular class of interfaces can be accurately modeled from
first principles by combining the thermodynamics of the Ising Hamiltonian with the zero-temperature elec-
tronic total energies of small supercells.@S0163-1829~96!03940-9#
The theory of interfacial thermodynamics was first stud-
ied in a continuum approximation over a century ago by
Gibbs1 and van der Waals,2 and later by Cahn and Hilliard.3
Since this pioneering work there have been numerous studies
which take into account the discreteness of the lattice.4 In the
earliest applications, computational limitations allowed con-
sideration of a very limited interatomic interaction range
only, and some qualitatively incorrect features resulted.4 Re-
cently, the study of interface specific phenomena with more
accurate models has received renewed attention,5–9 but over-
all there is a remarkable paucity of studies that attempt a
first-principles thermodynamics of interfaces.10 To the best
of the authors’ knowledge, in all studies conducted so far,
the effective energetic interaction parameters between differ-
ent atomic species have been selected either arbitrarily,6–8 by
fitting to some experimentally measured properties,4,9 or by
using semipredictive methods such as the embedded-atom
method,5 and hence no truly predictive capability existed.
Here an attempt is made to describe the thermodynamics
of a particular type of solid-solid interface from first prin-
ciples, that is, without the use of any experimentally derived
data. The energetic parameters for Al-Li alloys have been
obtained with a modified Connolly-Williams method
~CWM! ~Ref. 12! using electronic total energies of a small
set of ordered superstructures.11 The electronic total energies
were computed within the framework of the local-density
formalism with the linearized muffin-tin orbital method.13 In
the CWM a cluster expansion for the configurational energy
is obtained. This expansion describes the energy of forma-
tion of an arbitrary ordered configuration to within 1.0
mRy/atom, and, when used in conjunction with the cluster
variation method~CVM! of Kikuchi,14 it reproduces both
qualitatively and quantitatively the salient aspects of the
Al-Li phase diagram, and details concerning the expansion
are given in Ref. 11. It must be emphasized that excellent
agreement with experiment is obtained without use of any
adjustable parameters.
We study the interface that exists between two phases in
chemical equilibrium, a so-called interphase boundary~IPB!.
The two phases have the following features:~1! they have
the same lattice parameters,~2! one phase is a disordered fcc
solid solution, and~3! the other phase is ordered with the
L12 ~Cu3Au type! crystal structure. These features describe
accurately the nature of IPB’s between the Al-rich fcc matrix
~ olid solution phase! and the metastabled8 precipitates
(L12 ordered phase! in technologically important Al-Li al-
loys.
A supercell which models such an IPB on the~100! plane
is shown in Fig. 1. On the left thed8 phase is represented. Its
crystal structure can be easily visualized by a fcc cube where
the cube corners~face centers! are occupied mostly by Li
~Al ! atoms. On the right side, in the fcc solid solution, all
sites have an equal probability of being occupied by the Li
species. In the middle a transition region occurs where, going
from left to right, the distinction in occupancy of the cube-
corner and face-center sites gradually disappears. At zero or
very low temperature the disappearance may be sharp rather
than gradual.
Neglecting vibrational and electronic excitations,15 the
thermodynamic properties of such a supercell can be exam-
ined with the Ising model. Although the partition function
pertaining to the Ising Hamiltonian cannot be solved exactly
for arrangements such as that shown in Fig. 1, accurate ap-
proximations are obtained with the tetrahedron-octahedron
~TO! CVM. Solving the partition function yields the compo-
sition profile and the thermodynamic properties of the super-
cell. The properties of IPB’s are obtained by subtracting
properties of the bulk system without IPB’s from those per-
taining to the supercell.
Self-consistency within the CVM calculations is achieved
by a Newton-Raphson minimization of the free energy with
respect to the correlation functions.16 To describe the IPB
FIG. 1. Supercell with a~100! IPB. The actual supercell used in
CVM calculations consists of 38 fcc cubes. White~black! spheres
represent Al~Li ! atoms, and gray spheres indicate mixed atomic
occupancy.
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accurately, very large supercells are needed which have sev-
eral thousands of correlation functions. Such large-scale
CVM calculations are feasible by exploiting the band diago-
nality of the Hessian matrix, and by employing the sparsity
of the so-calledn matrix17 to generate the Hessian effi-
ciently.
Figure 2 displays the computed composition profile across
a ~100! IPB at a temperature of 400 K. On the left the alter-
nating occupancy of the~100! planes of the ordered8 phase
stands out, and on the right the disordered solid solution in
which all ~100! planes have the same composition can be
recognized easily. The diffuse region extends over about 12
consecutive~100! planes, or about 2.4 nm. In the ordered
phase the alternating pattern of the composition profile re-
sults from the sequence of two types of~100! planes: the
‘‘mixed’’ ~100! planes which consist of face-center and
cube-corner sites, and the ‘‘pure’’ planes which consist of
face-center sites only. When the calculation is repeated for
various Li concentrations in the supercell, the envelope of
the composition profile can be obtained as a continuous
curve ~dashed lines in Fig. 2!. Within the context of a con-
tinuum theory, Cahn and Hilliard showed that for a phase-
separating system the composition profile has a sigmoid
shape with a tanh positional dependence.3 Even though the
discreteness of the lattice is taken into account, we find that,
in a system with ordering tendencies also, the composition
profile is described very accurately by a tanh positional de-
pendence. The profile was split into two envelopes: the high
Li fraction curvech ~upper dashed line in Fig. 2!, and the
low Li fraction curvecl ~lower dashed line in Fig. 2!. The














tanhS x2x0a D , ~2!
wherex is a spatial coordinate perpendicular to the IPB,x0 is
the mathematical location of the IPB~Ref. 1!, c1 (c2) is the
Li concentration on the mixed~pure! planes at infinite dis-
tance from the IPB,c3 is the Li concentration in the solid
solution at infinite distance from the IPB, anda is the width
of the IPB. It should be remarked that there is no particular
reason that the correlation lengths in the fcc andL12 phases
should be the same as the above fit implicitly assumes. It is
found, however, that the above expressions accurately repro-
duce the composition profile, so that it is simply a convenient
way of characterizing the IPB width.
In contrast to the phase separation case, the width of the
IPB is a linear function of temperature over a wide range of
temperatures and there is no indication that it diverges at the
transition temperature; see Fig. 3. The finite width of the IPB
at the transition temperature has been explained within a
Landau-Ginzburg description,18 and it originates from the
fact that the fcc andL12 phases are related by a first- rather
than second-order phase transformation at the transition tem-
perature.
In the absence of elastic energy terms, the orientational
dependence of the IPB free energy determines the shape of
precipitates. Such is the case in Al-Li alloys where coherence
strains surroundingd8 precipitates are negligible. Figure 4
shows the IPB free energy for three low-index orientations as
a function of temperature. Clearly, at temperatures where
diffusion allows the formation of precipitates~300 K and
FIG. 2. Li concentration averaged over~100! planes parallel to
the IPB as a function of distance at 400 K as computed with the TO
CVM. The solid line is drawn as a guide for the eye only.
FIG. 3. Width of the~100! interphase boundary as a function of
temperature as computed with the TO CVM.
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above!, the IPB free energy is virtually perfectly isotropic,
which confirms a continuum result.3 Hence these first-
principles calculations indicate thatd8 precipitates are per-
fectly spherical, as is observed in actual alloys. A cuboid
deviation from spherical shape, suggested by anisotropy of
the IPB energy at temperatures below 200 K, does not occur
in practice because of kinetic limitations. Recently, Asta9
obtained comparable IPB free energies and a similar lack of
anisotropy by using interatomic interaction parameters from
a fit to the experimentally determined phase diagram.19
Furthermore, the slopes in Fig. 4 show that in contrast to
the dense packed~111! IPB, the ~100! and ~110! IPB’s do
not contribute any configurational excess entropy until some
finite temperature is reached. This indicates that the~100!
and ~110! IPB’s maintain zero-temperature-type sharp com-
position profiles, whereas the~111! orientation is computed
to have a disordered interface region even at very low tem-
perature. The roughness and the nonvanishing excess en-
tropy of the ~111! IPB at very low temperature is a conse-
quence of neglecting effective interactions beyond the
second-nearest-neighbor~nn! shell. In actual alloys effective
interactions beyond the second-nn shell are, generally speak-
ing, nonzero, but significantly smaller in magnitude than the
interactions associated with the first- and second-nn
shells.20,21Therefore, in actual alloys it is to be expected that
the ~111! IPB excess entropy will vanish at absolute zero
temperature, but that interfacial roughness will develop on
the ~111! planes at a lower temperature than on the~100! or
~110! planes.
On the basis of similar arguments as were used to explain
the finite width of the IPB,6 it has been shown that the IPB
free energy does not vanish at the transition temperature.
This appears to agree with an extrapolation of our numerical
results, shown in Fig. 4, to thed8 order-disorder temperature
of about 680 K.11 The numerical values of theab initio IPB
free energy at a temperature of 473 K agree exceedingly well
with a recent assessment of experimental results by Hoyt and
Spooner.22 In this assessment, important corrections to pre-
vious experimental results were introduced.22 The difference
between the computed and assessed IPB free energy is cer-
tainly much smaller than the error bars, so that this level of
agreement must be considered fortuitous.
The excess configurational entropy associated with~100!
and~110! IPB’s is clearly highly temperature dependent. The
specifics of interfacial entropy have been explored only
recently,18 and in many standard texts of
thermodynamics23,24 no consideration is given to the strong
temperature dependence of the interfacial entropy. Yet the
temperature dependence follows quite naturally from the
considerations below. At very low temperature the~100! and
~110! IPB’s have zero width, and no extra compositional
disorder is introduced. At very high temperature the fcc solid
solution and the ordered phase have rather large configura-
tional entropies themselves, and the finite-width IPB contrib-
utes little to the entropy. It is at intermediate temperatures,
where the solid solution still has a low Li solubility, and
where the ordered phase is still nearly perfectly ordered, that
the disordered transition region in the IPB contributes most
significantly to the excess entropy.
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